We consider several aspects of the role and evaluation of the four-sexagesimal-place approximation to ͙2 on the well-known Old Babylonian tablet YBC 7289. By referring to what is known about OB school texts, we show that this text is most probably a school exercise by a trainee scribe who got the approximation from a coefficient list. These coefficient lists are briefly described, with their use in geometrical problems. We consider other texts involving square roots and derive an algorithm for evaluating them, which complies with all known OB examples, from a simple geometrical construction of the type that seems to underlie many other OB procedures. © 1998 Academic Press Nous considé rons plusieurs aspects du rô le et de l'é valuation de l'approximation à quatre places sexagé simales de ͙2 sur cette tablette palé o-babylonienne. En nous ré fé rant à l'é tat des connaissances quant aux textes scolaires palé o-babyloniens, nous montrons comment ce texte est trè s probablement un exercice scolaire exé cuté par un apprenti scribe qui a obtenu l'approximation à partir d'une liste de coé fficients. Nous dé crivons en bref ces listes de coé fficients, ainsi que leur utilisation dans les problè mes de gé omé trie. Nous considé rons d'autres textes traitant de racines carré es , et pour les é valuer nous dé rivons un algorithme qui est en accord avec tous les exemples palé o-babyloniens connus; ceci à partir d'une construction gé omé trique simple du type qui semble ê tre characté ristique de beaucoup d'autres procé dures palé o-babyloniennes.
YBC 7289, from the Yale Babylonian Collection, is one of the best-known Old Babylonian mathematical clay tablets. 1 Its exact provenance and dating are unknown, but the round shape of the tablet and the palaeography suggest that it was written by a trainee scribe somewhere in southern Mesopotamia (modern Iraq) some time in the first third of the second millennium BC. It was first published in [19, 43] , and has since appeared, with a drawing or photograph, in most accounts of Babylonian mathematics; see Fig. 1 . Here, for example, is part of its description in [20, 35] On it is drawn a square with its two diagonals. The side shows the number 30, the diagonals the numbers 1, 24, 51, 10 and 42, 25, 35 . The meaning of these numbers becomes clear if we multiply 1, 24, 51, 10 by 30, an operation which can be easily performed by dividing 1, 24, 41, 10 by 2 because 2 and 30 are reciprocals of each other. The result is 42, 25, 35. Thus we have obtained from a ϭ 30 the diagonal d ϭ 42;25, 35 by using ͙2 ϭ 1;24, 51, 10. (Note that the ''sexagesimal semicolons'' indicating the absolute size of the numbers are only inserted in the last sentence. There was no way of indicating the absolute value of a number in cuneiform, either through final zeros or through a sexagesimal semicolon. When necessary, scribes made reference to metrological units, or wrote a word such as ''sixty'' or ''thousand'' after a number to indicate its approximate magnitude.)
Conventions for transliterating numbers have become simpler and clearer in the last 50 years, and ours follow the now-standard procedures laid down by Friberg [7, 534] : numbers are transliterated with no indication of absolute value; spaces are left between the sexagesimal places; missing tens and/or units are represented by zeros; and sexagesimal semicolons are added in translation and commentary. Also, following standard Assyriological practice, Akkadian is transliterated in italic type-face; logograms of Sumerian origin are written in SMALL capitals; and cuneiform signs whose contextualized reading is uncertain are given in LARGE capitals.
When one of us (DHF) used to discuss this tablet with students, he was for some years compelled to make the following remark which he felt must surely be known and obvious to the experts, but which seems only to be found in one early discussion of the text, quoted in full below: the interpretation of 30 as 0;30 ϭ 1/2 and hence 42 25 35 as 0;42 25 35 is surely less arbitrary, for the numbers written against the diagonal then represent approximations to ͙2 and 1/͙2. Thus we have a reciprocal pair of numbers with a geometric interpretation of them, and all of the numbers on the tablet are closely related to 2. The importance of reciprocals in Babylonian mathematics is well known. The reciprocal of n was written with the logograms IGIn-GÁ L.BI, or IGI-n, 2 and many tables of reciprocals have been found: lots containing a standard set of reciprocals of regular numbers (see most recently [18, [245] [246] [247] [248] [249] [250] [251] [252] [253] , with references to earlier literature), some containing approximations to irregular numbers, a remarkable later Seleucid 3 table of six-place regular reciprocals by Inaqibīt-Anu (''At the command of the Sky God'') 4 and a few fragments of other such Seleucid extended tables [1; 8] . So this interpretation relates YBC 7289 to a wellattested preoccupation of Babylonian mathematics.
The first reference we have seen to such an interpretation is in the invaluable [6, 64] . In his dense three-typescript-page summary of MCT We could be content with thinking of 1 24 51 10 and 42 25 35 as mutual approximate reciprocals if this tablet could not be seen in its context. But the second author, ER, one of DHF's ex-students who now works on Mesopotamian mathematics, can fill in a lot more detail that puts this simple and attractive interpretation into question, just as it may be passing into general circulation. 5 From the mid-third millennium onwards, trainee scribes typically did some types of school work on more-or-less round or square tablets between 8 and 12 cm in diameter. These erasable tablets were known as ''hand tablets'' (Sumerian IM.ŠU, Akkadian imšukkum), as they fitted very comfortably into the palm of the hand [4, 75; 11, 70-71] . 6 They appear to have been used for rough work of various sorts, from handwriting practice and memorization of short texts to mathematical work such as that on YBC 7289. The calculations on IM.ŠU were probably carried out while practising how to write business documents such as accounts and land surveys, or while solving mathematical problems. There are also no fewer than 20 compilations of mathematical problems on long, rectangular tablets which end with colophons giving the (sometimes inaccurate!) number n of problems on them as n IM.ŠU [17, [176] [177] . Without exception these compilations consist of the statements of problems and sometimes their numerical answers, but they do not give the solutions. In other words, they must be collections of exercises to be done on IM.ŠU tablets. 7 The fact that the handwriting on YBC 7289 is unusually large (c. 8 mm in height) also suggests that the tablet was written by a learner: the scribes' handwriting tended to get smaller with practice.
So we have established with some confidence the function of YBC 7289: it was rough work written by a student while solving a school problem. But what might that problem have been? To answer this question we now introduce the cuneiform tablet BM 15285 [9; 22, Sect. 12.1.2; 25], an OB illustrated geometrical ''textbook'' now containing 30 or so of an original 40 problems on finding the areas of certain figures inscribed in squares. In each case the problem is set, but no method of solution or numerical answer given. Problems (vii)-(xii) all concern shapes based on squares inscribed obliquely in the outer square-i.e., squares with sides whose lengths are 1/͙2 of the outer sides. In each case the outer square is described as having length 1 UŠ . 8 To perform the calculations required, the student would have first had to express this length in terms of the standard unit, the rod, so here 1 UŠ ϭ 60 rods ϭ 1 in sexagesimal, again. Although it is highly improbable (but admittedly just possible) that the scribe of YBC 7289 was setting out to solve a problem from BM 15285 itself, we now have found a plausible context for allowing us to interpret the numbers on it. In this scenario, the length can be read as 30;00 (rods), and the number below the diagonal as 42;25 35 (rods). The number above it would still be 1;24 51 10-the coefficient of the diagonal of a square.
This approximation to ͙2 would have been copied by the scribe from a so-called coefficient list-a list of numbers useful for doing calculations. These reference lists were a vital part of Mesopotamian mathematics; Neugebauer and Sachs describe them as ''lists of numbers (to which are added short explanations) which occur in the mathematical texts. We find here, e.g., coefficients referring to bricks, work assignment, etc.-in short, just those parameters which must be known by anyone dealing with various types of mathematical texts.'' [19, 38] Eight such Old Babylonian lists are known, and a total of 49 different geometrical coefficients attested in lists or problems [22, Sect. 3 1] this means that the area of a circle can be calculated by multiplying the square of the circumference by the coefficient 0;05 (both circumference and circle are called kippatum). All geometrical coefficients which are just called after the shape itself relate the (square of the) defining component to the area. Similarly, coefficients named after some other part of a figure also define the length or area of that part in terms of that figure's defining component [22, Sect. 3] . So the coefficient list entry 1;24 51 10, the diagonal of a square means that the diagonal of any square is 1;24 51 10 times longer than its defining component, namely, its side. But, although we can now say that the author of YBC 7289 most probably took the value of ͙2 from a reference list, this still begs the question of how such an accurate value was determined in the first place. So we now need to look into the approximation of square roots.
As was said above, the same name can refer to the side of a square or the square itself so, to help the reader, we shall use lower-case names such as ''approx,'' ''new approx'' for lengths, and capitalized names such as ''Number'' and ''Bit'' for areas. 9 These short or abbreviated names are a loose allusion to the coss tradition of mediaeval algebra, and our use here of their description as ''names'' emphasizes further that we are describing presymbolic arithmetical manipulations. Similarly, we use ''Square of approx'' (the acceptable alternative ''Square on approx'' would have echoes of the geometrical basis of OB arithmetical procedures, which we shall here go on to exploit and which has been convincingly demonstrated by Høyrup, on the basis of a close study of OB vocabulary; see [14] ) and ''side of Area'' (an abbreviation for ''the length of the sides of a square equal to the given area''). However, we have stopped short of the final step of replacing all So suppose we want to evaluate the ''side of a Number'' (our square root). We start from some approximation, and let us first examine the case where this is an underestimate, so Number ϭ Square of approx ϩ Bit which, geometrically, can be represented by the sum of a square with sides approx and the leftover Bit. Now express this Bit as a rectangle with sides approx and, therefore, Bit Ϭ approx, or, OB style, Bit ϫ IGI approx; cut this in two lengthwise, and put the halves on two adjacent sides of the Square of approx, as shown in Fig.  2 . Hence new approx ϭ approx ϩ half of Bit ϫ IGI approx, and it will clearly be an overestimate because of the bite out of the corner. Those who still feel the need for an algebraic description of the process need only retain the initial letters of our description:
Before going any further, here is an OB illustration of the use of such an approximation, in the translation of problem (xviii) from the cuneiform tablet BM 96957 ϩ VAT 6598 (see [22, Sect. 12.1.4; 24] , with references to earlier literature):
A gate, of height 1/2 ͗rod͘ 2 cubits, and breadth 2 cubits. What is its diagonal? You: square 0;10, the breadth. You will see 0;01 40, the base. Take the reciprocal of 0;40 (cubits), the height; of the arithmetical symbols ϩ, Ϫ, ϫ and Ϭ (this last not corresponding to an OB operation) by words, so as not to make the descriptions too clumsy. We had hoped to use adaptations of the Old Babylonian dialect of Akkadian for describing and manipulating these quantities, but this would have been too unwieldy and obscure; for example, ''Number is as much as the sum of the square of the approximation and the Bit'' and ''the new approximation is as much as the sum of the approximation and the Bit broken in half by the reciprocal of the approximation multiplied.'' As often is the case, the problem is stated in everyday units, here rods and cubits; these are then converted into sexagesimal fractions of a rod and manipulated as sexagesimal fractions throughout, but then the scribe forgets to translate the sexagesimal answer back into rods and cubits at the end. As to the method, the scribe evaluates the diagonal, the side of the sum of the squares on the height and the breadth, as the height plus half of the square of the breadth times IGI height, and note also that the breadth is rather smaller than the height, clearly a condition for the new approximation to be reasonably accurate. Now consider what happens if our first approximation is too large, so that Number ϭ Square of approx Ϫ Bit.
Here, we subtract the two halves of the rectangles Bit ϫ IGI approx from the Square of approx (Fig. 3) , so that the square in the corner where the two rectangles overlap is again to be subtracted from the new approximating square with sides new approx ϭ approx Ϫ half of Bit ϫ IGI approx, and this new approximation is again too large:
And, again, an OB illustration: if an equilateral triangle 10 has side 1, its height 11 will be ͙(1 Ϫ (0;30) 2 ). Our approximation procedure then gives 10 Old Babylonian geometrical terminology does not distinguish between classes of triangles-all are called santakkum, ''wedge''-but there are basically three types: (approximate) right triangles, such as those on YBC 7289, formed by halving a square or rectangle along its diagonal; symmetric triangles composed of two identical right triangles back to back; and equilateral triangles, which are special cases of the symmetric triangle [cf. 7, 554] . The idea of squareness or perpendicularity or approximate rightangledness was the nearest thing to a concept of angle in the Old Babylonian period. The modern division of the circle into 360Њ ultimately derives from Mesopotamian astronomical texts of the first millennium B.C. in which time was measured with respect to length units. 11 The Akkadian word is muttarrittum, literally ''thing that always goes down;'' tallum ''long transversal'' is also often used in the same sense. (This last word also has many nonmathematical meanings, including ''door-lintel'' and ''diaphragm.'') ͙ This analysis is also supported by the Susa coefficient list TMS 3 [3, texte III]. Lines 27-28 contain coefficients for the areas of a regular hexagon and heptagon, respectively: 2 37 30 IGI.GUB šà SAG. 6 2;37 30, the coefficient of a hexagon 3 41 IGI.GUB šà SAG. 7 3;41, the coefficient of a heptagon.
A closely related fragment of tablet was also found at Susa, TMS 2 [3, texte II]. The obverse shows a hexagon composed of six equilateral triangles, with a heptagon made up of seven symmetric triangles on the reverse. 13 The coefficients are based on the assumption that the base of each figure has length 1. Then the hexagon will be composed of six equilateral triangles of length 1 and area 0;26 15, so the area of the whole hexagon is 0;26 15 ϫ 6 ϭ 2;37 30. This is confirmed by the figure on the obverse of TMS 2, in which the radius and triangular segment length are both marked 30 (or some power of 60 times 30). The numeral 6 33 45 within the segment must then be its area 30 2 ϫ 0;26 15 ϭ 6 33;45. The area of the whole hexagon is not given, but must then be 6 ϫ 6 33;45 ϭ 39 22;30.
The divided heptagon on the other side of TMS 2 has one division line marked 35 UŠ , ''35, the length,'' and although no markings are visible on the sides, we might guess that they were meant to be 30 units long, as in the hexagon on the obverse. So let us explore how the value 3;41 on TMS 3 for the area of the heptagon might have been obtained if we assume that the division lines of a heptagon of side 1 are 7/6, or 1;10. The perpendicular height of one of the triangular segments will be ͙(1;10) 2 Ϫ (0;30) 2 ϭ ͙1;06 40, so write this as ͙1 ϩ 0;06 40 and apply the procedure we found on BM 96957 ϩ VAT 6598: the root will be approximately 1;03 20, the area of a triangular segment 1;03 20 ϫ 0;30 ϭ 0;31 40, and the total area 7 ϫ 0;31 40 ϭ 3;41 40. Finally, since the approximation we are using is an overestimate, truncate this to the two-place value 3;41. 12 This interesting description suggests that the area of an equilateral triangle could also be found by subtracting an eighth from the area of a right triangle of the same side (found by multiplying the square of the side by the coefficient 0;30): 0;26 15 ϭ 7/8 ϫ 0;30. This is highly reminiscent of the procedure for finding the area of a heptagon in TMS 2; see below. 13 It is not necessary to assume that the polygons are inscribed in circles, pace [3, 32; 7, 556-557] . Although the photographs of TMS 2 [3, pls. [2] [3] show very faint traces of arcs outside some sides of the polygons, they seem to have served solely as drawing guidelines, and were subsequently erased by the scribe. Compare the photograph of TMS 1 [3, pl. 1], in which the circle is an essential component of the diagram and has not been erased.
In the diagram on the reverse of TMS 2 the length of the segment is marked 35 UŠ , while inside is written
SAG.7 a-na 4 te-[s . i]-ip-ma
A heptagon. You multiply (it) by 4 and you sub-ší-in-ší-ra-ti tract a twelfth and (you will see) the area.
ta-na-as-sà-ha-ma A.ŠÀ
Although the restoration of the first sign is tentative, it is clear that these concise instructions give a further approximation of the heptagon coefficient, equivalent to 3;40 (ϭ 4 Ϫ 0;05 ϫ 4). The procedure loses little accuracy and is arithmetically much simpler, requiring the square of the outer side to be multiplied by two oneplace regular numbers instead of by the irregular 3;41.
The reader who has followed the approximation procedure thus far will appreciate the following two points:
For the procedure to yield a good result, the Bit should be small compared with the initial Square of approx. For this reason, none of the approximations considered so far will be especially accurate.
For the normal application of the procedure, the initial approximation should be a regular number so that its reciprocal, IGI approx, is known; hence only one step of the procedure will usually be possible. But if a more accurate result is required, we shall examine below the following two procedures: either to use an approximation to its reciprocal, or to adjust this initial approximation to a nearby regular number.
With this in mind, let us try to find a good approximation to ͙2. We give the first step below first in fractions (for the modern reader's convenience), and then in sexagesimals, which, since this is an overestimate, we truncate to 1;24 51 10, the value on YBC 7289. Concerning this, we restrict ourselves to the remark that only two OB tables of approximate reciprocals are known: M10 [6, 545, with references to earlier literature], which lists poor approximations to the reciprocals of 7, 11, 13, 14, and 17; and YBC 10529 [19, 16] , which gives, with some errors, up to 4 places of the approximate reciprocals of numbers from 56 to 1 20 at intervals of 1.
14 To say more about the reciprocals of irregular numbers would take us too far from our topic here.
Or we can replace the nonregular 1;25 with a nearby regular approximation and repeat this procedure with that value. Since our approximation is an overestimate, it will be best to take the closest regular number less than our current approximation, unless the closest greater is very much closer. This, alas, is what tends to happen with our example here: the closest two-place sexagesimal fraction is the rather distant 1;21, 15 which yields the approximation 1;24 56 40, much too big and inaccurate a result. Then, if we go to three-place sexagesimal fractions, the closest regular number is on the wrong side of 1;25, namely 1;25 20, greater than 1;25, and this generates the new approximation 1;24 51 15, which is still not good enough, while the next smaller regular number, 1;23 20, is rather distant and gives the approximation 1;24 52. 16 The next step would be to go to four-place sexagesimal fractions. As we remarked earlier, there are some remarkable later, Seleucid, six-place reciprocal 14 Judging by the amount missing at the top of the tablet (which seems originally to have contained 24 lines per side), the table began with 48 and its reciprocal. We might reasonably infer that it was one of a pair, the first of which listed reciprocals up to 47. Bruins [2] has given an analysis of this table which we do not find convincing, since it is based on manipulations of the geometric series
, with estimates of the interval in which this approximation is valid. This seems to us to involve too much of the wrong kind of knowledge for the OB period. Bruins's interpretation also depends on his assumption that tables such as YBC 10529 and W-B 1923-366 are ''symmetrical about 1'' when in fact they are no such thing. (''W-B 1923-366'' has since been recatalogued as Ash 1923.366 and is now on display in the Ashmolean Museum, Oxford; curious readers may check for themselves.) Further, Bruins misunderstands Ina-qibīt-Anu's big reciprocal table already mentioned above. Although it indeed contains only reciprocal pairs in the range 1 to 2, which he is looking for, its colophon explicitly states that it is the first tablet (pirsu rēštu) of a series which the tablet does not complete (NU AL.TIL). Bruins, though, wishes to understand rēštu not as the commonly attested adjective ''first'' but as the noun ''head'' with a transferred meaning such as ''starting point.'' But the Akkadian for this would be rēš pirsi, which the unambiguous syllabic writing here will categorically not allow. 15 This shows that 1;24 51 10 is the best four-place approximation to ͙2.
tables, but so far nothing like these has been found in the times we have been discussing here. Both of these alternatives remain conjectural, however, as there is still no direct evidence-by which we mean explicit instructions in the course of a mathematical solution-for the use of more than the first step of the procedure. It is worth finishing with some further remarks about this.
The procedure described here is mathematically equivalent to the so-called Heron's method for the extraction of a square root (though it may derive ultimately from Archimedes), found at Metrica I 8, where he evaluates an approximation to ͙720: 17 Since 720 has not a rational square root, we shall make a close approximation to the root in this manner. Since the square root nearest to 720 is 729, having a root 27, divide 27 into 720; the result is 26 ; add 27; the result is 53 . Take half of this; the result is 26 . Therefore the square root of 720 will be very nearly 26 . For 26 multiplied by itself gives 720 ; so that the difference is . If we wish to make the difference less than , instead of 729 we shall take the number now found, 720 , and by the same method we shall find an approximation differing by much less than . [26, [470] [471] [472] In symbols: if a is an approximation to ͙N , then the average (a ϩ N/a) will be a much better approximation. And if we write our OB procedure as (a ϩ (N Ϫ a 2 )/a), we immediately see that they are equivalent. But it is computationally much more tedious to evaluate (N Ϫ a 2 )/a than N/a, especially when N is some simple number such as 2.
Take, for example, the case given above of N ϭ 2 and a ϭ 1;25 20. Using ''Heron's method,'' 1/a ϭ 0;42 11 15, 2/a ϭ 1;24 22 30, and we average in one simple operation to get the next approximation 1;24 51 15 in about three lines of work. Now consider our proposed OB procedure. Start by squaring 1;25 20; here we are lucky since all of the intermediate products except for 25 ϫ 25 are to be found in the standard set of multiplication tables, 18 so five or six lines of careful work yield 2;01 21 64 40. Then we evaluate ϫ 0;01 21 46 40 ϫ 0;42 11 15; here there are eight intermediate nonstandard multiplications to be evaluated before we arrive at the result ϫ 0;00 57 30, and so the required approximation 1;25 20 Ϫ 0;00 28 45 ϭ 1;24 51 15.
This may give another possible reason that we only ever find one step of the OB procedure: it is too tedious to contemplate using anything more than a twosexagesimal-place initial approximation, even when this initial approximation has been chosen or arranged to be regular. 17 Heron is describing how to find the area of a triangle with sides 7, 8, and 9 using what we now describe by the formula ͙s(s Ϫ a)(s Ϫ b)(s Ϫ c), where s ϭ (a ϩ b ϩ c) . 18 This comprised up to 40 multiplication tables of one-, two-, and three-place sexagesimally regular numbers collected together on a single large tablet (''combined tables'' in Neugebauer's terminology); individual tables (''single tables'') from that standard set might also be written on smaller tablets. The tables, whether single or combined, may take any one of three different formats (with a further four rare and minor variants), but there are no nonstandard multiplication tables known. See, for instance, the 78 single multiplication tables and the 30 combined tables in [19, 19- 19 After we had completed this article we saw a preprint of [9] , which gives another account of Old (and Late) Babylonian square root approximation procedures.
